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A Test of Hansen's Method with Irregular Boundaries
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Abstract

Free, long seiches in a rectangular basin were simulated with
Hansen's method applied in two ways: (1) with the basin boundaries
coinciding with the grid coordinate axes, and (2) with the basin boundaries
inclined 45 degrees to the grid axes. There was good agreement between the
two cases, and with the theoretical solutions.

Introduction

In connection with a planned numerical study of wind-driven circulation
in the shallow seas of Indonesia, it was thought worthwhile to first make a
simple test of the procedure in a geometrically simple basin. The purpose of
the test was to gain general familiarity with Hansen's method in order to
apply it to the planned circulation study, and particularly to see if
representation of all boundaries by meridional and latitudinal segments
introduces severe undesirable effects. No new scientific results are presented.

The method used is described by Brettschneider (1987; section 1.3.4),
except that here the procedure was further simplified by neglecting bottom
friction and the nonlinearity arising from finite surface elevation (in relation
to water depth), as well as the stabilizing dissipative terms suggested by
Neumann and Richtmyer (1950). The resulting equations then become
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with the meaning of the symbols as follows:

m,n discretized Eastward and Northward coordinates

t time

Y surface elevation (depending on m, n, t)

UV Eastward and Northward current velocities (depending on

m, n, t)

H depth (depending on m, n)

h distance between adjacent grid points (along meridian or
parallel)

At time increment

g acceleration of gravity

f coriolis parameter

The case where the boundary is inclined 45 degrees to the grid
coordinate axes is an extreme case most likely to cause trouble. In this case
the grid boundary must be jagged, or serrated, in order to lie as closely as
possible to the actual boundary of the basin. Minimum deviation between grid
and basin boundaries is achieved by making each 'tooth’ of the serrated
grid boundary as small as possible, i.e., of length 2h on each side (see
figure 1). Note that at each corner of the grid boundary (either salient or
indentation) nothing is calculated. However at the intermediate points
either U or V must be maintained equal to zero. Two questions arise: (1)
how well does the Hansen grid simulate such an inclined boundary, and
(2) how closely would water motion in an actual basin with a serrated
boundary correspond to motion in a basin with a straight, inclined
boundary? The second question is beyond the scope of the present
discussion, but if the answer to it were, "poorly" it would seem unlikely
that the answer to the first question would be any better, as presumably a
serrated Hansen grid boundary would simulate an actual basin with
corresponding serrated boundary reasonably well. Since the results of the
present test indicate that a grid with serrated boundary simulates well an
actual basin with a straight (inclined) boundary, it must follow that small
serrations in the boundary of an actual basin have little effect on the
water motion. (This interesting question cannot be pursued further here, but
of course one of the effects of actual serrations would be to create
turbulence and increase the diffusion of momentum enhancing the
boundary friction, an effect which is neglected in the simplified Hansen
equations.)

The Rectangular Basins

Two rectangular basins, A and B, are simulated. Each has a depth of 4
km. A grid mesh length of 100 km and At of 200 sec is used in both
cases. (This combination satisfies the convergence and stability criteria.)
Basin A is oriented so that its boundaries coincide with meridians and
parallels, while basin B is inclined 45 degrees relative to basin A. The
other characteristics of the basins are as follows:
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Basin A Basin B
Length ..o 38h 38.18h
Width 24h 24.04h
Number of Y, U and V grid points .............. 715 734
Approximate number of iterations in one period
of gravest gravity seich mode ............. 192 193

The Gravity Wave Test

The first test was made taking the coriolis parameter f to be zero. Initial
conditions U =0, V=0, and Y representing a plane surface sloping along long
axis of rectangle, were taken in each case. (The initial conditions on U and
V were applied actually at a time At later than the initial Y condition, but
this discrepancy is minor.) The motion in each basin was iterated for two
complete oscillations. The results are shown in figures 2—5. The period of
numerical oscillation was determined by letting the iteration procedure run
for just under two periods of time, and then displaying the surface-elevation
field after each iteration and selecting that display which appears to
represent the maximum point of the oscillation. Thus 194 iterations in basin
A, 200 in basin B, was obtained as the approximate time for two complete
oscillations. The difference between these values and those indicated in the
above table can be ascribed to a failure of the difference equations to model
precisely the water motion in the real, continuous case. Similar discrepancies
are noted in the final configuration of the. surface elevation, which should
have returned to exactly the initial configuration. It is noted that the
amplitude in basin A suffers an attenuation of about 6% after the two
oscillations, while the. final surface configuration in basin B, altho
appearing more irregular, seems closer to the initial configuration. Thus it
may be concluded that the serrated basin seems to give a somewhat larger
error in period, a somewhat smaller error in topography.

The same cases were run with a coriolis parameter f = .0001 sec-t,
corresponding to latitude 43 degrees N (but of course the large size of the
basin makes a model with constant f unrealistic). In this the initial
configuration will not be attained again, and so all that was done was to
compare the configuration in the two basins after an arbitrary time lapse
(180 iterations). Here the difference in surface topography (figures 6 and 7)
might be largely due to the fact that basin A seems to propagate the gravity
seiche more rapidly than B, and the two basins were not really compared at
the same seiche phase. No comparison is made with a theoretical solution.

In summary, it seems that the results from the serrated basin are
surprisingly good and close to the theoretical results. Other difficulties related
to discretization seem to be more severe than the serrated nature of the grid
boundary.
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Figures

Figure 1. Hansen grid for a boundary (dotted line) inclined 45 degrees to
grid axes. The symbols +, x, ., and o represent grid points at which Y,
U, V and nothing, respectively, are calculated. The dashed line represents the
serrated grid boundary.
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~—90 —80 —70 —60 —50 —40 —30 —20 —10 O 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 —B0 —40 —30 —20 —10 O 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 -—50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 -——50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 80
—90 -—80 -—70 -—60 —50 —40 —30 —20 —10 O 9 19 29 39 49 59 69 79 90
90 —80 —70 —60 —50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90
~—9 —80 —T0 —60 —50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90
—9 —80 —70 —60 —50 —40 —30 -—20 —10 0 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 —50 —40 —30 —20 —10 0 ¢ 19 29 39 49 59 69 79 90
—90 —80 —70 —60 —50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 -—50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90
—90 —80 —70 —60 —50 —40 —30 —20 —10 0 9 19 29 39 49 59 69 79 90

Figure 2. Initial configuration of surface elevation

on arbitrary scale) for

|

the basin A (unserrated). North is upward. The initial velocity field is taken

to be zero.
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—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 16 90

—83 —69 —55 —41 —27 —13 0 13 27 41 55 69 83

—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90

—83 —69 —5b —41 —27 —13 0 13 217 41 55 69 83

—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90

T 83 —69 —55 —41 —=27 —13 0 13 27 41 55 69 83

—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90

—83 —69 —Hp —41 —27 —13 O 13 217 41 bh 69 83

—930 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90

—83 —69 —b55 —41 —27 —13 0 13 27 41 55 69 63

—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 716 90

—83 —69 —55 —41 —27 —13 0 13 27 41 55 69 63

—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90

—83 —69 —b55 —41 —27 —13 0 13 217 41 55 69 83

—90 —76 —62 —48 —84 —20 —6 6 20 84 48 62 16 90

—83 —69 —b5 —41 —27 —13 0 13 27 41 55 69 83
—90 —76 —62 —48 —34 —20 —6 6 20 34 48 62 76 90
Figure 3. Initial configuration of surface elevation (on arbitrary scale) for

‘gasin B (serrated). Northeast is upward. The initial velocity field is taken to
¢ Zero.
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85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
285 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —80 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 87 48 60 712
—85 —80 —T72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —12 0 12 20 28 37 48 60 12
—85 —80 —72 —60 —48 —37 —28 —20 —I12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —I12 0 12 20 28 37 48 60 72
—85 —80 —72 —60 —48 —37 —28 —20 —I12 0 12 20 28 37 48 60 72

Figure 4. Configuration of surface elevation in basin A éunserrated) after
194 iterations with f = 0. The actual time elapsed is

hours, and is approximately two complete periods o

solution.

194) At = 21.6
the numerical
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93 —79 —67 —b3 —33 —15 —5 5 16 83 58 67 76 93

85 —73 —61 —43 —2& —10 0 10 24 43 61 13 85

~§6 —79 —67 b2 —a33 —17 —>5 5 17 33 52 67 79 86

—82 —74 —60 —43 —25 —10 0 10 2 43 60 74 82

81 —77 —86 —50 —a34 —18 —5 5 18 34 50 66 717 81

—97 —71 —57 —41 —2 —11 0 11 2 41 57 11 71

—78 73 —63 —48 —34 —19 —5 5 19 34 48 63 73 T8

74 —67 —55 —40 —27 —11 0 11 27 40 55 67 74

75 -—70 —61 —47 —33 —19 -6 6 19 33 47 61 70 75

—74 —67 —b6 —40 —27 —11 0 11 27 40 55 67 T4

—78 —73 —63 —48 —84 —19 —5 5 19 34 48 63 13 78

- =77 —71 —57 —41 —26 —11 0 11 26 41 57 171 171

—81 —77 —66 —50 —34 —18 —5 5 18 34 50 66 77 81

—82 —74 —60 —43 —25 —10 0 10 25 43 60 74 82

—86 —79 —67 —52 —33 —17 —5 5 17 83 52 67 79 86

—85 —73 —61 —43 —24 —10 0 10 24 43 61 73 8

—93 —79 —67 —53 —33 —15 —5 5 15 33 653 BT 76 93

Figure 5. Configuration of surface elevation in basin B (serrated) after 200
iterations with f = 0. The actual time elapsed is 2(200) At = 22.2 hours, and
is approximately two complete periods of the numerical solution.
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—59 —63 —66 —66 —64 —63 —02 —60 —b5 —b50 —46 —41 —40 —39 —37 —35 —82 —
—556 —b59 —61 —b59 —bs8 —b6 —b5 —b3 —48 —43 —38 —38 —32 —31 —29 —28 —26 —
—50 —b58 —55 —b2 —b0 —48 —47 —45 —40 —35 —80 —25 —23 —22 —21 —20 —I8 —2
—41 —45 —46 —44 —41 —39 —37 —36 —81 -—26 —=21 —16 —14 —13 —11 —10 —9 —1I
—31 —3 —36 —33 —31 —28 —27 —2 —0 —16 —11 —6 —4 —3 —1 0 1

—19 —23 —24 —22 —20 —18 —17 —15 —10 —-5 0 4 6 7T 9 11 13 1
—7 —11 —13 —11 —9 —7 —6 —4 0 5 10 15 17 18 20 22 24 2
4 0 — 0o 1 38 4 6 11 16 20 2 27 28 31 33 36 3
15 11 9 10 11 13 14 16 21 26 31 36 37 33 41 44 46 4
24 20 18 20 21 22 23 2 30 35 40 45 47 48 50 52 b5 &
30 27 26 28 29 31 32 33 38 43 48 53 b6 56 58 b9 61 &
8¢ 32 32 3 37 39 40 41 46 50 55 60 62 63 64 65 66 ¢

Figure 6. Configuration of surface elevation in basin A

(unserrated) after 180 iterations with f=.0001 sec-.
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3 —18 —28 —38 —4T7 —b55 —54 —bH1 —50 —49 —bl —58 —B1 —66

—3 —19 —31 —40 —49 —b51 —48 —46 —44 —46 —b1 —56 —60

1 —10 —22 —32 —41 —i45

—44 —40 —38 —39 —43 —40 —53 —57

—2 —13 —23 —32 —39 —39 —35 —31

—30 —35 —40 —45 —50

2 —6 —13 —23 —31 —33 —30 —26 —23 —24 —30 —36 —s89 —48

2 —5 —13 —21 —27 —25 —21 —17 —15 —20 —25 —30 —a7

10 1 —4 —11 —19 —19 —15 —12 —9 —9 —15 —21 —24 —32

T 11 8 —2 —9 —13 —10 — —4 —1 —b5 —10 —15 -—22

21 11 7 0 —5 —4 —1 1 4 5 0 —7 —11 —=21

22 15 10 5 1 4 7 10 13 9 2 —3 —11

32 24 21 15 9 9 12 15 19 19 11 4 —1 —10

37 30 25 20 15 17 21 25 27 21 13 5 —2

48 89 36 30 24 23 26 30 33 81 23 13 6 —2

50 45 40 35 30 31 385 89 39 32 23 13 2

57 53 49 43 39 38 40 44 45 41 52 22 10 —1

60 56 51 46 44 46 48 51 49 40 31 19 3

66 61 58 51 49 50 51 54 65 47 38 28 13 —3

Figure 7. Configuration of surfa[ce elevation in basin B (serrated) after
180 iterations with f=0.0001 sec-.





